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Abstract. The form of the neutrino mixing matrix is discussed. The exponential parameterisation of the
Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix is proposed and the generation of the new unitary pa-
rameterisation of the neutrino mixing matrix by the exponential form is demonstrated. The CP violating
phase and the Majorana phases in the PMNS matrix are accounted for by a special term, separated from
the rotational one. The O(3) rotation matrix in the angle-axis form is discussed in the context of such a
representation of the mixing matrix. Its properties are reviewed in the context of the unitarity requirement.

1 Introduction

One of the major achievements in physics of the 20th cen-
tury is the formulation of the so called Standard Model
(SM) [1–3], which gives a joint description of the electro-
magnetic and weak interactions by a single theory. The
SM has been extensively tested during the last decades.
When the existence of the neutral weak interactions was
confirmed and the intermediate vector bosons (W−, W+

and Z0) were discovered with properties exactly as pre-
dicted, the SM really proved reliable.
The Standard Model represents one of the most beau-

tiful and well structured models in physics. The descrip-
tion of the electroweak interactions in the framework
of the standard model is implemented via gauge the-
ory, based on the SU(2)⊗U(1) group, and its sponta-
neous breaking is accounted for via the Higgs mechan-
ism. The matter fields are organised in families, where
the left handed fermions are coupled into weak isodou-
blets and the right handed components transform as weak
isosinglets.
The gauge bosons play the role of the interaction carri-

ers in the theory – they are the W− and the W+ charged
weak current bosons, the Z0 neutral weak current boson,
and the photon, the QED interaction carrier.
There is a surprising analogy between the structures of

the lepton pairs:

ϕe =

(
νe
e

)
L

, ϕµ =

(
νµ
µ

)
L

, ϕτ =

(
ντ
τ

)
L

, (1)
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and the left components of the quark spinors, composing
weak isospin pairs:

(
u
d′

)
L

,

(
c
s′

)
L

,

(
t
b′

)
L

. (2)

Neutrino physics has an important place in the standard
model. The discovery of the neutrino masses and evidence
that neutrinos actually do change flavour in nature oc-
curred in experiments on the mixing of solar (see, for ex-
ample, [4, 5]), atmospheric [6] and reactor neutrino [7], con-
trary to what was originally supposed. The situation with
neutrino mixing is somewhat more complicated than with
quark mixing and our understanding of this phenomenon
is vaguer. Neutrino mixing was originally invented by Pon-
tecorvo [8–10]. The standard model can be adapted to ac-
count for massive neutrinos, and the neutrinos mass term
can be incorporated in the framework of the SM seamlessly
via a procedure similar to the one that leads to the appear-
ance of the quark mass terms. However, the neutrinos may
have another source of mass, which comes through the Ma-
jorana mass term.
Flavour mixing in the lepton sector can be formalised in

a way similar to the well known mixing in the quark sec-
tor. Massive neutrinos mean the existence of a spectrum of
at least three neutrino mass eigenstates and mixing of the
neutrino mass states ν1, ν2 or ν3 occurs. The state νe, νµ
or ντ , built of linear combinations of neutrino states with
different masses, analogous to that of the bottom compo-
nents of the quark pairs in (2), can be written as follows:

|να〉=
∑
i=1,2,3

U∗PMNSαi |νi〉 , UPMNSαi ≡ 〈να|νi〉 , (3)
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where UPMNS is the unitary leptonic mixing matrix, or
Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [11].
Generally speaking, lepton mixing means that the charged
W boson can couple to any charged lepton mass eigenstate
(e,µ, τ ) and any neutrino mass eigenstate. For example,
the Uαi would be the amplitude of the decay of theW

+ bo-
son into a pair of a lepton of type α and a neutrino of type
i. Then the associative production of the lepton of such
type α and the neutrino state of the type α implies the su-
perposition of all neutrino mass eigenstates. It should be
mentioned that, in fact, there are some indications [12–14]
of more than three neutrino mass eigenstates:

|να〉=
∑
i

U∗αi|νi〉 , (4)

where i = 1, 2, 3, 4. The fourth neutrino does not couple
to the standard model W and Z bosons and therefore it
is called a sterile neutrino. However, in the present article
we will assume just three generation mixing and consider
only the 3×3 unitary neutrino mixing matrix. The mat-
ter effects, such as neutrino scattering on particles that
they meet on the way through, for example, earth or sun
can modify their propagation, but we will leave these ques-
tions [15–17] beyond the range of the present work.

2 Mixing matrix parameterisation proposals

The mixing matrix U can be written in several forms.
When only two mass eigenstates and two correspondent
flavour eigenstates are a good approximation, the 2×2 ma-
trix is used:

ν1 ν2

U ′ =
να
νβ

(
cos θ sin θ
− sin θ cos θ

)
.

(5)

When the standard three neutrinos theory is considered,
the 3× 3 mixing matrix is used. Unless the experiment
shows that the 3× 3 matrix is not unitary and requires
the sterile neutrino or whatever else, the three generation
mixing is considered with the following popular parameter-
isation of the mixing matrix U [18]:

UPMNS = UPMjr , (6)

where

PMjr = diag(e
iα1/2, eiα2/2, 1) (7)

and

U =

ν1 ν2 ν3

να
νµ
ντ

⎛
⎜⎝

c12c13 s12c13 s13e
−iδ

−s12c23− c12s23s13e
iδ c12c23− s12s23s13e

iδ s23c13
s12s23− c12c23s13e

iδ −c12s23− s12c23s13e
iδ c23c13

⎞
⎟⎠ ,

(8)

where cij = cos θij , sij = sin θij , and the indices assume
values i, j = 1, 2, 3. The mixing is given by the three mixing
angles θ12, θ23 and θ13, and the CP violating phases δ, αi
and α2. The phases α1 and α2 are non-zero only if the neu-
trinos are Majorana particles, which effectively means that
they are identical to their antiparticles; then these phases
have physical consequences only in lepton number violat-
ing processes. The corresponding phases α1 and α2 do not
influence the neutrino oscillations regardless of whether
neutrinos are Majorana particles or not.
Apart fromMajorana phases, the term U in the param-

eterisation (8) is identical to the well known CKM matrix
for quark mixing [18, 20–23]. The mixing angles θ12 and
θ23 have quite well been determined experimentally as fol-
lows [18, 19, 24–26]:

θ12 ∼= 33.9±2.4
◦ , (9)

θ23 ∼= 45±7
◦ . (10)

It appears that these two mixing angles, θ12 and θ23, are
large and the third one, θ13, is relatively small; and at the
same time, many experimental analyses cannot account for
very small angles, which do not impose a strict experimen-
tal bound on the values of θ13 [19, 27], setting the following
approximate range:

θ13 ≤ 13
◦ . (11)

This fact is in striking contrast with the CKM matrix,
where all three angles are small and hence approximate pa-
rameterisations (see, for example, [28]) can easily be con-
structed, based on an expansion into a power series of the
parameter λ= sin θCabibbo ≈ 0.22.
Other parameterisations of the neutrino mixing ma-

trix can be found, for example, in [29–34], of which the
tri-bimaximal mixing (TBM) form [35] of UPMNS is most
important. It is distinguished for the consistence with cur-
rent experimental data. So far no convincing reasons for it
to be exact exist and the approximate parameterisations
of the PMNS matrix are built, based on deviations from
the TBM form [35, 36]. Different from the parameterisa-
tions in the quark sector, which can be constructed with
a single parameter, such approximate parameterisations
for the neutrino mixing include three parameters, defining
the deviations of the reactor, solar and atmospheric neu-
trino mixing angles from their tri-bimaximal values.
However, we can build a new exactly unitary parame-

terisation for the neutrino mixing, identical, except for the
Majorana phases, to the exponential parameterisation of
the CKMmatrix [37, 38]:

U = expA , (12)

where the argument of the exponent can be written as
follows:

A=

⎛
⎝ 0 λ1 λ3e

iδ

−λ1 0 −λ2
−λ3e−iδ λ2 0

⎞
⎠ . (13)

Since the angles θ12 and θ23 are of the same order of 1,
we cannot establish the same hierarchy, as was done with
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the single parameter λ in the correspondent matrix in
the quark sector, setting λ3 ∝ λ3 and λ2 ∝ λ2. The anti-
Hermitian form of the matrixA ensures the unitarity of the
mixing matrix U ; see (12) [39].
The parameter δ accounts for the CP violation, and the

parameters λi are responsible for the neutrino flavour mix-
ing. Note that with δ = 0, (13) turns into the three dimen-
sional rotation matrix in angle-axis representation [38].

3 Exponential mixing matrix and the three
dimensional rotations

Now, employing the exponential parameterisation (12)
and (13), we can distinguish the separate rotational term
and represent the mixing matrix in the form of the prod-
uct, including the CP violating part, thus generating the
following new unitary parameterisation, which can be con-
sidered for the neutrino mixing:

Ṽ = PRotPCPPMjr . (14)

In what follows we will show that the new parameteri-
sation (14) is unitary and satisfies the necessary require-
ments for the mixing matrix.
The rotational part in (14) is given by

PRot = e
ARot = exp

⎛
⎝ 0 λ µ−λ 0 −ν
−µ ν 0

⎞
⎠ , (15)

and the CP violating part consists of the matrix

PCP = e
ACP , (16)

with

ACP =

⎛
⎝ 0 0 µ(−1+eiδ)

0 0 0
µ
(
1− e−iδ

)
0 0

⎞
⎠ (17)

and the Majorana part can be written in the form of the
following exponent:

PMjr = e
AMjr , (18)

where the argument of the exponent is given by the Majo-
rana matrix

AMjr = i

⎛
⎝α1/2 0 0
0 α2/2 0
0 0 0

⎞
⎠ . (19)

It should be said that the same approach, successfully ap-
plied for the quark mixing matrix in [38] with account for
the smallness of the parameter λ in the quark mixing ma-
trix, allowed for establishing the approximate equality of
the new generated matrix and the CKM matrix. The neu-
trino mixing matrix does not contain such a small param-
eter and the values of the phase δ as well of the phases α1
and α2 so far remain unconstrained by experiments. The

rotational part of the parameterisation (14), written in the
form (15), is nothing else but the angle-axis form of a three
dimensional rotationM :

M =

⎛
⎝Mxx Mxy MxzMyx Myy Myz
Mzx Mzy Mzz

⎞
⎠ , (20)

defined by a single angle of rotation Φ and a direction unit
vector n̂= (nx, ny, nz) of the fixed axis, around which the
rotation is performed:

M(n̂, Φ) = eΦN , N =

⎛
⎝ 0 −nz ny
nz 0 −nx
−ny nx 0

⎞
⎠ ,

n̂= (nx, ny, nz) . (21)

Generally speaking, the rotation angles in the matrix (14)
do not necessarily coincide with those constituting the
elements cij = cos θij and sij = sin θij of the PMNS ma-
trix in the standard parameterisation (8). It occurs only
when the CP violating phase is small, because we can no
more count on the small value of the parameter λ for the
neutrino mixing as was the case for quark mixing, and the
phases δ, α1 and α2 are still experimentally undetermined.
Let us denote the diagonal components of the ma-

trix (20) asMi and, thus, omitting the Majorana part, the
parameterisation (14) can be written as follows:

Ũ =MPCP

=

⎛
⎜⎜⎜⎜⎜⎜⎝

Mx cos 2∆
+κ−Mxz sin 2∆

Mxy
Mxz cos 2∆
+κ+Mx sin 2∆

Myx cos 2∆
+κ−Myz sin 2∆

My
Myz cos 2∆
+κ+Myx sin 2∆

Mzx cos 2∆
+κ−Mz sin 2∆

Mzy
Mz cos 2∆

+κ+Mzx sin 2∆

⎞
⎟⎟⎟⎟⎟⎟⎠
,

(22)

or

Ũ =(
Ξ1 cos 2∆+κ

−Ξ3 sin 2∆,Ξ2, Ξ3 cos 2∆+κ
+Ξ1 sin 2∆

)
,

(23)

with the following vector parameters:

Ξ1 =

⎛
⎝MxMyx
Mzx

⎞
⎠ , Ξ2 =

⎛
⎝MxyMy
Mzy

⎞
⎠ , Ξ3 =

⎛
⎝MxzMyz
Mz

⎞
⎠ , (24)

where

∆= µ sin
δ

2
, κ± = ie±i

δ
2 (25)

and the rotation matrix is determined by the following well
known tensor form (see, for example, [40]):

Mij = (1− cosΦ)ninj+ δij cosΦ− εijknk sinΦ , (26)
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where δij is the Kronecker symbol, εijk is the Levi-Civita
symbol, ni are the components of the rotation vector and
Φ is the rotation angle. From a comparison of the matri-
ces (22) with account for (25), (26) and (8) one can express
the angle of the rotation Φ and the rotation vector n in
terms of the parameters of the standard form of the PMNS
mixing matrix cij and sij . However, these relations ap-
pear cumbersome and we omit them here. Comparing the
rotational generator in three dimensions (21) with the ro-
tational part (15) of the exponential parameterisation of
the PMNS matrix, we obtain the coordinates of the rota-
tion unit vector n̂ in terms of the parameters of the ex-
ponential parameterisation of the PMNS matrix (14) as
follows:

nx =
ν

Φ
, ny =

µ

Φ
, nz =−

λ

Φ
, (27)

where the rotation angle Φ can be expressed in terms of the
parameters of the exponential mixing matrix as follows:

Φ=±
√
λ2+µ2+ν2 . (28)

The simple formulae (27) and (28) relate the parameters
of the purely rotational part of the neutrino mixing matrix
in exponential parameterisation to the angle and the axis
of the three dimensional rotation. From a comparison of
the angle-axis form (21) with the TBM form of the mixing
matrix [35], which is in good agreement with the experi-
mental data, and accounting for (27) and (28), we obtain
the following values for the parameters of the exponential
parameterisation (15):

λ∼= 0.5831 , µ∼=−0.2415 , ν ∼=−0.7599 . (29)

Note that the absolute value of the parameter µ is rather
small, compared with 1, and hence we could possibly make
use of it, performing the series expansion in this small pa-
rameter in certain cases. Then the matrix (8) can be writ-
ten as follows:

U ∼= PRotPCP , µδ	 1 . (30)

In this approximation PRot =M (see (20)). However,
we will not employ such an expansion in this work be-
cause the condition in the above equation is fulfilled only
roughly, contrary to the case of quarks, where it is sat-
isfied very well. Moreover, calculating the coordinates
of the rotation vector (27) for the exponential form of
the neutrino mixing matrix and the quark mixing ma-
trix from the experimental data (see, for example, [18])
we surprisingly find the value of the angle between these
vectors to be approximately 44.5◦. The fact that the
rotation axes for the neutrino and the quark mixing
form an angle very close to 45◦ is another way to for-
mulate the hypothesis of complementarity and equal-
ity for the mixing angles of quarks and neutrinos [41,
42]. We hope to address this question in forthcoming
publications.

4 Exponential parameterisation of the CP
violating terms in the mixing matrix

In the previous section we have distinguished the real and
the imaginary parts in the exponential parameterisation,
thus separating the rotational term (15) in the PMNS ma-
trix from the CP contribution. Now we can combine the
CP violating term and theMajorana term into one, includ-
ing the parameter δ and α, with the help of the following
identity:

eACP eAMjr ∼= eACP+AMjr
(
1+
1

2
[ACP , AMjr]

)
, (31)

where the commutator is of the order ofO(α1µδ). Whether
the neutrinos are Majorana particles or not is still un-
known and in any case α does not enter the oscillation
phenomena, whereas the phase δ is nonzero only if the CP
symmetry is not conserved, which is expected but still not
confirmed experimentally. On the supposition that the pa-
rameters α and δ are small, the product of (16) and (18)
takes the following approximate form:

VMCP = PCPPMjr

∼= exp

⎛
⎝ iα12 0 (−1+eiδ)µ

0 iα22 0

(1− e−iδ)µ 0 0

⎞
⎠+O(α1µδ) ,

(32)

being itself a unitary matrix. Moreover, avoiding any as-
sumption of the smallness of the phases, the direct com-
putation of the product of PCPPMjr yields the following
result:

VMCP = PCPPMjr =

⎛
⎝ ξ1 cos 2∆ 0 κ+ sin 2∆

0 ξ2 0
ξ1κ

− sin 2∆ 0 cos 2∆

⎞
⎠ , (33)

where

ξ1,2 = e
i
α1,2
2 . (34)

The VMCP matrix – the factor in the exponential param-
eterisation of the PMNS matrix, responsible for the CP
violation effects – can be expressed in terms of the Bessel
functions, taking into account the series expansion of the
exponent:

exp[ix sinα] =
∞∑

n=−∞

einαJn(x) . (35)

Hence, the VMCP matrix takes the following form:

VMCP =⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ξ1

∞∑
n=−∞

Jn(2µ) cos
(nδ
2

)
0 κ+

∞∑
n=−∞

Jn(2µ) sin
(nδ
2

)

0 ξ2 0

ξ1κ
−

∞∑
n=−∞

Jn(2µ) sin
(nδ
2

)
0

∞∑
n=−∞

Jn(2µ) cos
(nδ
2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

(36)
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where the CP non-conserving parameter δ is separated
from the parameter µ in the arguments of the Bessel func-
tions of the first kind Jn(2µ). Note that this result is exact
in terms of δ and α1, α2 in the sense that we did not assume
that they were small.
Note that the matrix VMCP is not symmetric with re-

spect to the parameters ξ1,2 and the Majorana term can
interplay with the δ phase, in particular, in the (3,1) entry.
When α1 = 0, the symmetric form of the matrix (33) is re-
stored. For ξ2 = 1, i.e. α2 = 0, the form of the VMCP matrix
reminds one of the forms of the mixing matrix for just two
lepton generations, acting on an electron, tauon and corre-
spondent neutrinos with the weights ξ1 for the (1,1) entry
of the mixing matrix, κ+ for the (3,1) entry and ξ1κ

− for
the (1,3) entry of the mixing matrix. For a non-zero value of
α2 the vector of the mixed neutrino states under the action
of the V ∗MCP matrix can be written as follows:

|να〉=

⎛
⎝|ν1〉ξ

∗
1 cos 2∆+ |ν3〉κ

+∗ sin 2∆

|ν2〉ξ∗2
|ν1〉ξ∗1κ

−∗ sin 2∆+ |ν3〉 cos 2∆

⎞
⎠ . (37)

A direct check confirms the existence of the Hermitian con-
jugated matrix, inverse with respect to VMCP, which en-
sures the unitarity of VMCP:

V −1MCP ·VMCP = V
+
MCP ·VMCP = I (38)

and the unitarity of the exponential parameterisation (14)
of the PMNS matrix:

Ṽ −1 · Ṽ = Ṽ + · Ṽ = I . (39)

The action of the rotation matrix on the neutrino vec-
tor (37) yields the following final result for the neutrino
vector after the PMNS transformation:⎛
⎝|νe〉|νµ〉
|ντ 〉

⎞
⎠=M ·V ∗MCP

⎛
⎝|ν1〉|ν2〉
|ν3〉

⎞
⎠= F |ν1〉+G|ν2〉+H|ν3〉 ,

(40)

where α denotes the type of the neutrino,M is for the rota-
tion matrix in angle-axis representation, and

F = ξ∗1
(
Ξ1 cos 2∆+Ξ3κ

−∗ sin 2∆
)
, (41)

G= ξ∗2Ξ2 , (42)

H = ξ∗2
(
Ξ1κ

+∗ sin 2∆+Ξ3 cos 2∆
)
. (43)

The parameters ∆, κ and ξ in (41)–(43) are given by (25)
and (34), the vector parametersΞi are given by (24), where
Mij are the entries (26) of the rotation matrix M and the
components of the rotation vector n, and the rotation angle
Φ can be expressed in terms of the parameters of the mix-
ing matrix µ, λ, ν as demonstrated in (27) and (28). Thus,
the contribution due to ν2 neutrinos is affected by the α2
Majorana phase (42), whereas the ν1 and ν3 neutrinos en-
ter respectively with α1 and α2 dependent factors (41)
and (43). Furthermore, (41)–(43) can be seen as a sort of
rotation in the angle 2∆, determined by the CP phase
δ (25) with the weights Ξ and κ and their products.

5 Conclusions

Mixing in the lepton and quark sectors have much in com-
mon and its study may lead to a new understanding of the
standard model, the term “flavour” and its role and the
reason why there are three (or more?) lepton and quark
generations. In the present work we have drawn the paral-
lel between the CKMmatrix in the standardmodel and the
PMNS matrix for neutrino mixing. The geometric nature
of the PMNS matrix without CP violations and Majorana
effects reduces the neutrino mixing to the well known me-
chanical problem of a Rodriguez rotation. Indeed, in the
case of conserved CP , the neutrino mixing in the SM can
be viewed as a rotation around a fixed axis in 3D space by
the angle Φ. For Φ= 0 the mixing between the neutrinos
fades out, since the mixing matrix – the rotation matrix
– becomes the unit matrix I. The CP violating phases δ
and αi break this symmetry and hence the simple geomet-
ric picture based on the O(3) generators algebra does not
hold any more. From the comparison with the experimen-
tal data and the tri-bimaximal form of the mixing matrix
we carry out the following value for the angle Φ∼= 56◦ and
conclude that the rotation axes for the neutrino and the
quark mixing form an angle of≈ 45◦, which is another way
to formulate the hypothesis of complementarity and equal-
ity for the mixing angles of quarks and neutrinos [41, 42].
The exponential parameterisation of the PMNS matrix

allows for the generation of new unitary mixing matrix pa-
rameterisation with a separated CP violating part. This
representation of the mixing matrix may prove to be con-
venient to account for thematter–antimatter asymmetry in
theuniverse, the evolutionofwhich, perhaps,was influenced
not only by a quark CP violating complex phase, but also
by the leptonicCP violation [43] and lepton asymmetry [44,
45]. The CP violation due to the phase δ can be combined
with the effect of the Majorana phases αi and their inter-
play canbe studied in the exponential form(32) andby (33).
The CP violating terms due to the phase δ and the Majo-
rana phases α1,2 are effectively separated in the coefficients
of the series expansion of the Bessel functions in (36). The
exact analysis of the problemof neutrinomixing in the pres-
ence of CP violating terms with the help of the mixing ma-
trix in the form (6)–(8) becomes complicated and leads to
a scarcely transparent physical picture. On the other hand,
the exponential parameterisation of the PMNSmixing ma-
trix transforms the neutrino vector, distinguishing the con-
tribution of the CP violating phase for each neutrino type
as demonstrated in formulae (40)–(43).We believe it can be
appropriate for the analysis of experimental data in many
neutrino oscillation experiments conducted at present and
evenmore numerous experiments planned for future.
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